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Let G be a finite Abelian group. Given an integer n relatively ptim=. to the order of G, let or, 
be the permutation on G defined by a,(x) = x”. The problem studied in the paper is to 
determine the parity of Ok. Generalizations of well-known theorems on the Legendre symbol 
arc obtained in this context. 
Consider the following general problem: how to characterize the automorph- 
isms of a finite group G that act as even or odd permutations? When G has prime 
order, this problem is solved by the classical theory of the Legendre symbol [l]. 
The present note is concerned with an Abelian group G and the signature of any 
central automorphism, which has the form x -xa (G + G) for a given integer a ; 
the generalized Legendre symbol (a 1 G) is introduced to denote this signature. 
The main results can be yxxmarized as follows. Let n be the order of G, and t 
the number of involutions in G. For an integer a, relatively prime to n, let us write 
where pl, . . . , ps are odd primes, QI = 0 or 1, and p is a nonnegative integer. 
Deiine the integer y by 
gy=2(n-l-t)(2cu--s+p,+**. +P,)+P(n*--1). 
Let (a 1 p) be the ordinary LegenJre symbol with respect to an odd prime p. Then 
the generalized Legendre symbol (a 1 G) is given by the formula 
(a 1 G)=(4)' 
i=l 
In order to prove this we shall derive expressions for (-1 1 G), for (2 1 G) and for 
(p 1 G), which are generalizations of classical results. Our method essentially uses 
group characters over finite fields [2]. 
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2. Definitions and preliminary results 
Let G be a finite Abelian group, with multiplicative notation. We shall denote 
by n the order of G and by m its period, i.e., the smallest positive integer such 
that x”’ = 1 holds for every x: in G. Thus m divides n, and m is divisible by each 
prime factor of n. 
Given an integer a, relatively prime to m (or, equivalently, to n), let us define 
the automorphism o,, of the group G by 
q,(x) = x” for all x E G. (1) 
Definition. The Legendre symbol of a with respect to G, denoted by (a 1 G). is 
the signature of 0,. In other words, (a 1 G) = 1 or - 1 according to whether CT,~ acts 
as an even or odd permutation on G. 
The classical Legendre symbol (a 1 q) is defined as follows [ 1, p. 6X]. Let q be 
an odd prime and a any integer not divisible by q. Then (a 1 q) = 1 or - 1 
according to whether the congruence z”= a (mod q) has or has not a solution for 
z. We quote the well-known formula 
(a 1 q)= Pi- ‘)I2 (mod q). (2) 
Theorem 1. Lef G be the cyclic group of order q, wCtere q is WI odR prince. 7%en 
(u 1 G) coincides with the ordinary Legendve symbol (a 1 q). 
Proof. Define k to be the order of a modulo q. i.e., the smallest divisor of q - 1 
satisfying a” = Z (mod q). The permutation a,, consists af one fixed point and 
(q - 1)/k cycles of length k. Hence (a 1 G) = (- I )“I I”‘. On the other hand, (2) 
yields (cz 1 q) = I if and only if (q - 1)/k is even. So (a 16) = (a 19). Cl 
For ~1 c Z let (a) denote the residue class of a moduio IN, that is, (a) = UIB + a. 
The set ,I of classes (a) with a relatively prime to III is an Abelian group, for the 
product (a)(h) = (ah), and its order IA 1 is the Euler function +(n~). The following 
result:, is immediate. 
Theorem 2. ‘73e vcliue of (a 1 G) depends only :NZ the class (a) E A. On the other 
hand, (ab 1 C+(a 1 G)(h 1 G) holds. 
For a given group G let us define the subsers A,, and A, of A as follows: Ai 
consists of the classes (a) with (a 1 G) = (-1)‘. Since. by Theorem 2, the mapping 
(cd )-(a I G) is a group homomorphism from A into { 1, - 1). there are two 
possibilities: tither A,, = A and A, = B. or A,, is a subgroup of index 2 of A. We 
shall see later on (Theorem 8) to which type of groups these two cases corres- 
pond. 
e. Let G be the cyclic r,roup of order n = ~II = 63. So IAl = d(m) = 36. 
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Writing a instead of (a) for convenience, one has 
A,, = { 1,294.g ’ 1, 16,22,23,25,29,32,37,43,44,46,50,53,58}, 
and A,= -A,,. This can be checked directly from the definitions. A simple 
method for computing the Legendre symbol and hence the sets Ai will be given in 
the sequel: see Theorems 3, 6 and 7. 
We shall now find an expression for (- 1 1 G). An involution of G by definition 
is an element of order 2. It is easily seen that the involutions together with the 
identity form an elementary Abelian 2-group of order 2’, where r is the number 
of factors in the ecomposition of the Sylow 2-subgroup of G as a direct product 
of cyclic groups. 
Theorem 3. Let tt = IGl and let t = 2’ - 1 6e the number of involutions of G. Then 
(-4 1 G)=(-l)‘“‘-‘-I”’ holds. 
Proof. It is clear that the cycle structure of u_! consists of c + 1 fixed points and 
(II - t - 1)/Z transpositions. Cl 
Let P,, denote the permutation matrix representing a,, for a given group G. 
Thus P,, is the square matrix of order n, having G as row and column labelling 
set, defined by P,(x, y) = 1 cu.- 0 according to whether xa = y or x” # y (see (1)). 
Then the Legendre symbol is equal to 
(a 1 G) = det <P,). (3) 
We now give a result showing how, in certain cases, computation of the Legendrc 
symbol can be decomposed into simpler problems. 
Theorem 4. The Legendre symbol with respxt to the direct product of two Abelian 
groups G and G’ is given by 
(a 1 G x G’) = (a 1 G)"'(a i G')", (‘9 
where n = ICI. n’ = IG’l and a is any integer relatively prime to nn’. 
Proof. Let P,. PA and Q, denote the permutation matrices representing the 
automorphism rr, for !he groups G, G’ and 6 x G’, respectively. Clearly, Q, = 
P, BP:. Then (4) follows from (3). by the well-known formula for the determin- 
ant c-T a Kronecker product. 0 
Example. Decomposing the cyclic group Ch3 as C, x Cq Eve deduce (a 1 C,,) = 
(a I C,)(a I C,) from Theorem 4. Now (a 1 CJ = 1 (see Theorem 8 below), whence 
(a I C,,) = (a 17). by Theorem 1, so that (a / C’& = 1 holds if and only if u = 1, 2 
or 4 (mod 7). 
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Remark. As a consequence of The orems 1 and 4, it appears that (a 1 G) coincides 
with the Jacobi symbol (a 1 n) in the particular case of an Abelian group G of 
order n all Sylow subgroups of w lich are elementary. 
3. Main theorems 
Let p be an odd prime not dividing the period m of the Abelian group G, and 
let k be the order of p modulo m. An irreducible p-character of G is a 
homomorphic mapping from G into the multiplicative group of the Galois field 
GF(pk). The set of all such characters is known to constitute a group isomorphic 
to G itself (see [2, p. 731). Moreover, the characters (I/ = & can be numbered by 
the elements x of G in such a way as to satisfy eX(y) = &(x) for all x, y E G. For 
any integer a relatively prime to tn let us define the square matrix S,, with G as 
row and column labelling set, over an extension field of GF(pk) containing n”‘, 
by the formula 
S,(x, y) = n-“‘&(y”), X, y E G. (5) 
Lemma 5. For (a) varying over A the matrices Pa and S, together form a group of 
order 2&(m), with the relations 
paph = Pah9 Pa&t = S&9 Sapb = Sah ‘9 sash = P-ah 1. 
Proof. The first three identities are immediate. Then the orthogonality relation 
on group characters, written in the form S,S_,, = I, yields the fourth identity as a 
consequence of the third one. 0 
In view of Theorems 3 and 4, computation of the Legendre symbol (a 1 G) 
reduces &O that of (p 1 G) for the prime numbers p. Theorems 6 and 7 below 
precisely indicate how to determine (p 1 G); the results appear as generalizations 
of the “quadratic reciprocity law” and of the “quadratic character of two”, res- 
-.n * VClY. r. -. 
Theorem 6. For an odd prime p not diuiding n = ICI. one has 
(p 1 G) = (- 1 1 G)"'- “‘2(n 1 ,y. (6) 
roof. Let n and h be relativt:ly prime to 11. Using (3) and Lemma 5 one obtains 
det (Stch) = (CI I G) uet C&h (7) 
On the other hand, Lemma 5 yields det (S!,) det (S_,,) = 1. Hence from (7) with 
a = - 1 one deduces (det (S,,))” = (- 1 I G): SO 
(det (S# = (- 1 1 G)“‘-“” det (S,,). (8) 
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Next, observe that, in view of (S), the entries of the matrix d’*Spb are the pth 
powers of those of nl’*S~. Hence the following identity holds over a field of 
characteristic p : 
det (n "*Sob) = (det (n “*&,))p. (9) 
Using (7) with a = p for the left member, and (8) for the right member, one can 
writ in the form 
n”‘“(p 1 G) det (Sh) = PZ~“*(-~ 1 G)(p-l)/?- det (S& 
This yields the desired result (6), since det (S,J f 0 and n(p.-1)‘2 = (n ] p) over any 
field of characteristic p (see (2)). Cl 
Theorem 7. For a group G of odd order n, one has 
(2 1 G) = (- f)(n’- 1)/s. (l@ 
Proofi. Assume first n = 1 (mod 4). Define c = $(n + 1) and let c = p1p3 l 9 l ps be its 
canonical decomposition as the product of (odd) primes pi. By Theorem 2 one has 
(2(G)=(cIG)=n(piIG).H ence, applying Theorem 6 and observing that n = - 1 
(mod pi) holds for each i, one easily obtains 
(2 1 G) = fi (n 1 pi) = fi (-1)(P~-1)‘2, 
i-l i=l 
(11) 
by use of (2). When c = 1 (mod 4) there is an even number of factors pi = -1 
(mod 4), so that (11) yields (2 i ;I”) = 1. Analogously, (2 1 G) = - 1 when c = - 1 
(mod 4). 
The case n = - 1 (mod 4) can be treated by a similar method. It suffices to 
replace c by i(n - 1) in the above argument. The result turns out to be (2 1 G) = 
*l for $(n- 1) = rl (mod 4); the details ;dre left to the reader. Thus one has 
shown (2 I G) = 1 for n =*l(mod8)and(21G)= -1 for n = *3 (mod 8), which is 
equivalent to (10). Cl 
Theorem 8. An Abelian group G of order n satisjies (a I G) = 1 for all a if and only 
if olte of the following three conditions ho!ds. 
(8 II = 0 (mod 4) and G contains more than one involution, 
(ii) n = 2 (mod 4) 
(iii) n is the square of an odd integer. 
roof. The “if” proposition is easily proved by use of Theorems 3, 6 and ‘7. Let 
us now assume (a I G) = 1 for all a. When n is even, the condition (-1 I G) = 1 
yields n - 1 - t =O (mod 4). i.e.. n = c) (mod 4) and t = 2’ - 1 with r? 2. or 
=2(mod4) and t=l. When n isodd, (-llG)=(plG)=l implies blP)=ly n- 
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for e*qery odd prime p not dividing ~1, as a. consequence of Theorem 6. If yt is 
not a square, let us write n = b2&q2 l l * qS where b is an integer and the qi’s are 
distinct primes. Owing to the quadratic reciprocity law, in 1 p) = 1 can be written 
as 
fi (p 1 qi)(-l)‘p-w-~)~4 = 1. 
i=l 
(12) 
Let c be any integer such that (c 1 q,) = - 1 holds. By Dirichlet’s theorem [ 1, p. 131 
there exists a prime p satisfying p = 1 (mod 4), p = c (mod q,) and p = I (mod qi) 
for i = 2,. . . , s. For such a prime the left member of (12) equals - 1. This 
contradiction shows that yt mu& be a square. q 
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